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Abstract: In the vortex background on a sphere, a single G-dhnensional fermion family 
gives rise to 3 zero-modes in the 4-dimensional point of view, which may explain the 
replication of families in the Standard Model. Previously, it had been shown that realistic 
hierarchical mass and mixing patterns can be reproduced for the quarks and the charged 
leptons. Here, we show that the addition of a single heavy 6-dimensional field that is 
gauge singlet, unbound to the vortex, and embedded with a bulk Majorana mass enables 
to generate 4D Majorana masses for the light neutrinos through the see-saw mechanism. 
The scheme is very predictive. The hierarchical structure of the fermion zero-modes leads 
automatically to an inverted pseudo-Dirac mass pattern, and always predicts one maximal 
angle in the neutrino see-saw matrix. It is possible to obtain a second large mixing angle 
from either the charged lepton or the neutrino sector, and we demonstrate that this model 
can fit all observed data in neutrino oscillations experiments. Also, f/es is found to be of 
the order 5 ~ 0.1. 



Keywords: Phenomenology of Field Theories in Higher Dimensions, Neutrino Physics 



Beyond Standard Model 



Contents 



i 
i 



i 



Introduction 

Majorana mass term in six dimensions 

?l| General properties 

Compactification on a sphere 



See-saw mechanism with chiral zero modes 
|3.1| Field content of the model 

Chiral zero-modes and neutrino Dirac masses 
Neutrino see-saw masses when M = 



3.2 



3.3 



3.4 Neutrino see-saw masses when M ^ 



3.5| Charged lepton masses 



Estimates for mass and mixing matrices 
[4.1| Charged lepton mass matrix 



4.2 Neutrino see-saw mass matrix when M 



4.3 Numerical example one 



4.4 Numerical example two 



I 



10 
10 

n 

n 
P 

13 
14 
17 



|5l Summary & Conclusions 



18 



1. Introduction 

Models of particle physics in more than four spacetime dimensions offer interesting possi- 
bilities to explain the mysterious patterns observed in fermion intra- and inter-family mass 
hierarchies and mixings. Standard Model fields are localized near a four dimensional sub- 
space, in the core of a topological defect in extra dimensions. With different wave function 
profiles for different fermions, their overlap with a scalar field H that plays the role of the 
Standard Model Brout-Englert-Higgs field (BEH scalar) leads to a hierarchical structure 
of masses and mixings from the four dimensional point of view. 

The class of models where the topological defect is a two dimensional Abelian vortex, 
known as the Abrikosov-Nielsen-Olesen vortex is of particular interest as it leads to chiral 
fermion zero modes. Through the index theorem, the number of families in the Standard 
Model, Uf = 3, can be related to the number of zero modes as a topological invariant of the 
background vortex field. The value nj = 3 is however not automatically guaranteed, but 
can be achieved by an adequate axial charge assignment for the fermions. In Refs. [1-5], it 



- 1 - 



has been demonstrated that the different wave function profiles of the zero modes in the core 
of the vortex lead naturally to realistic hierarchical mass patterns for quarks and charged 
leptons, with small inter-generation mixings. The model was first developed assuming two 
fiat extra dimensions R^, but later it appeared that a compactification on a sphere S'^ is 
necessary for the model to be consistent and realistic. The phenomenological implications 
also include a specific pattern of flavor violation where "family number" non conserving 
processes are automatically strongly suppressed [6] . Such FCNC effects mediated by heavy 
bosons can be searched for at LHC and future colliders, with the production of (/j+e") or 
(/x~T+) pairs with equal and large transverse momenta as the main signature [7]. 

In the current paper, we want to consider whether the scheme can be extended to 
accommodate mass and mixing data in the neutrino sector. Neutrinos are not only charac- 
terized by tiny masses, at most in the eV range, but also exhibit large mixings responsible 
for the observed neutrino flavor oscillations. An obvious possibility to generate neutrino 
masses would be to treat them exactly like the charged fermions, with a Dirac mass ob- 
tained at the cost of introducing a 6D field N, bound to the vortex, and from which the 
three families of 4D right-handed neutrinos emerge. However, this possibility does not offer 
a natural explanation for the smallness of the neutrino masses, which in this case require 
tiny coefficients in the Lagrangian. 

It is therefore tempting to consider other solutions, namely the case where the "right- 
handed" neutrino field is NOT bound to the vortex. In the context of models with large 
extra dimensions, tiny neutrino masses are often the result of a dilution effect: the field that 
provides right-handed neutrinos, being singlet under the Standard Model gauge group, can 
be non-localized, and therefore have a small overlap with the wave function of Standard 
Model fields"'^. A first attempt using a non- localized field N was made in Ref. [11], in a 
setup where the two extra dimensions were flat. When the size R of the compact extra 
dimensions is small enough to neglect the massive modes of the Kaluza-Klein tower (which 
is necessary to avoid astrophysical bounds on neutrinos derived from supernova dynamics) , 
we found that the 6D field reduces in the 4D effective theory to two right-handed and 
two left-handed states, the former being suitable for building Dirac mass terms for the 
neutrinos. These mass terms are furthermore reduced according to the limited overlap of 
the L and R fields, respectively bound and unbound to the vortex. With two right-handed 
neutrinos, the model is able to accommodate the two mass squared differences measured 
in solar and atmospheric neutrinos oscillation experiments. However, after masses of e, 
fi and T are fixed, the model is essentially parameter free and therefore also predicts the 
neutrino mixing angles to be sin^?i2 — 0.37, sin ^13 ~ 0.14, sin 623 — 0.99, a pattern that 
differs significantly from the observed one. 

In a three neutrino scheme, the observed mixing matrix in the leptonic sector, the so- 
called Maki-Nakagawa-Sakata (MNS) matrix which relates neutrino flavor eigenstates to 



^In 5D, tiny neutrino masses as the result of multi- localization of wave- functions have been considered 
in Ref. [8] for flat extra-dimensions, and in Refs. [9, 10] for warped extra-dimensions. 
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mass eigenstates, Vf = Umns ^m, is conventionally parametrized in the following form [12] 
/ C12C13 S12C13 si3e"*'^^P 

-S12C23 - Cl2Sl3'S23e'^'^^ C12C23 - Si2Si3S23e'^'^P C13S23 I , (1-1) 



Umns 



\ S12S23 - Cl2Sl3C23e*'''^^ -C12S23 - 5128130236"^*^^ C13C23 



where Sij = sin 9ij, Cij = cos 9ij, 6cp is a CP violating phase, and where two additional 
Majorana phases which do not affect oscillations have been dropped. The latest update on a 
three neutrino global fit gives tan^ 6*12 = 0.47to:}o, tan^ 623 = O.glg;", sin^ 6*13 < 0.05 at 3a 
C.L. The CP phase is left unconstrained, and the mass squared splittings Am^^- = m? — 
are determined as Am^^ = 7.6 ± 0.7 x 10"^ eV^, Am§i = 2.46 ± 0.37 x 10"^ eV^ (normal 
scheme) or Amgj^ = — 2.36ib0.37x 10^^ eV^ (inverted scheme) [13]. Unlike the CKM matrix 
in the quark sector, the MNS matrix harbors two large mixing angles seen in solar and 
atmospheric neutrino oscillation experiments, together with a rather mild mass hierarchy, 
if any. 

We have meanwhile turned to a different compactification scheme (namely, on a sphere 
of radius R) [3]. This compactification scheme offers two advantages. It removes both the 
need of a difficult localization of the gauge fields, and also spurious fermionic zero-modes 
which may appear due to a boundary in extra dimensions. 

It is thus now appropriate to reconsider the situation in the new context. In particu- 
lar, we want to investigate how it is possible to generate a pattern where the three light 
neutrinos in fact behave like Majorana particles in four dimensions (although Majorana 
fermions don't exist in 6D (see e.g. Ref. [14]), what we discuss here is the effective theory 
after dimensional reduction)-^. For this purpose, with a "see-saw" mechanism in mind , we 
add one extra (sterile) "neutrino" field N in 6D, unbound to the vortex. For this sterile 
particle (often called right-handed neutrino), we expect two sources of mass: one arising 
from the compactification itself (there are no massless modes in this case due to the posi- 
tive curvature of a sphere [26,27])'^, and the other, optional, from possible Majorana mass 
terms. 

As a matter of nomenclature, it is indeed important to keep in mind that, although 
Majorana fermions i.e. self charge conjugated particles don't exist in 6D, nothing prevents 
Majorana mass terms. By the latter, we mean a scalar term in the Lagrangian, which 
violates fermion number. Thus two effects can concur to lower the observed neutrino 
mass: the see-saw mechanism, associated to the coupling to a heavy right-handed neutrino 
(where the mass results either from compactification or from a Majorana mass term), and 
the limited overlap between the unbound neutrino field and the vortex-bound left-handed 
neutrino. We anticipate here on the following to announce that in fact, the Majorana 
mass term will prove necessary (see Sec. |3.3| ) even in the presence of other fermion number 
violating couplings. 

^Majorana neutrinos and the see-saw mechanism in 5D have been studied in Refs. [15-25] for both flat 
and warped geometries. UsuaUy the main problem is to explain the presence of the two large mixing angles. 
One solution that is advocated in the literature is by invoking a suitable discrete symmetry. 

'^Note however that massless modes (without a Majorana mass term) can appear in other compactifica- 
tion schemes, with flat or negative curvature. Therefore, the essential ingredient to implement the see-saw 
mechanism is still the presence of a Majorana mass term for A'^, like in four dimensional theories. 
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The paper is organized as follows. In Sec. we first discuss the meaning and the 
properties of a Majorana mass term in 6D; then, we give the decomposition of a 6D singlet 
neutrino field N into spherical modes, and reduce its Lagrangian including a bulk Majorana 
mass term to a 4D effective Lagrangian. In Sec. ^ the field is coupled to the vortex- 
bound lepton doublet L and see-saw masses for the left-handed neutrinos are obtained. 
We consider two possibilities: when the bulk Majorana mass M is absent, explicit fermion 
number violating couplings between L and are introduced, when M 7^ 0, the Majorana 
mass term is the only source of fermion number violation. Within the same framework, 
charged lepton masses are also calculated. In Sec. ^ we estimate the mass matrices in 
the narrow BEH scalar approximation, and compare them with phenomenological data. 
In particular, we discuss how the model can accommodate at the same time hierarchical 
masses for the charged leptons, sub-eV neutrino masses with a mild hierarchy in their Am^, 
and large angles seen in the mixing matrix Umns- Finally, we conclude in Sec. |. Also, 
notations and definitions of T matrices in 6D are summarized in the Appendix. 



2. Majorana mass term in six dimensions 
2.1 General properties 

As already stated, we use the expression "Majorana mass term" for a 6D Lorentz scalar 
contribution in the Lagrangian, typically breaking fermion number by 2 units (assuming 
that fermion number has been previously defined). All such terms can be constructed 
from the component expansion of the spinors. We have explicitly checked that all such 
bilinear contributions can also be generated from the "Dirac" spinors using one suitable 
"charge conjugation matrix" C. At least two definitions of the matrix C exist, but taking 
C = ror2r4 (up to a phase), the two possible Majorana mass terms that can a priori be 
constructed with two fields ^ and $ (assuming them to have equal fermion number) are 

(S) -Ir^^ + h.C. 

(A) ^'T7^> + h.c. (2.1) 

where the conjugate field is given by ^''^ = CT^"^*. As fermion fields anticommute, it is 
also straightforward to show that the antisymmetric mass term identically vanishes for a 
single field ^' = <I> . 

It is instructive to develop the Majorana mass terms Eqs. (^]^) using four dimensional 
chiral components of $ and ^. We can label components of a six dimensional Dirac field 
according to their sign under both and F5 = zFq . . . F3, left- and right-handed chirality 
in 4D given by the projectors Pr^l = (1 T r5)/2, 



1p-L 



(2.2) 
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So a 6D Dirac spinor is equivalent to two right-handed and two left-handed 4D Weyl 
spinors. The Majorana mass terms in Eqs. (2.1) now become 



(S) '4j-r4)+r + ii)+R(t)-R - V'-L0+L - iP+l4>-L + h-c. 

{A) '4).R(t)+R - ip+R(l)-R - iIj^l4>+l + ip+L<P-L + h.c. , (2.3) 

where we use the contracted product notation tpRCpR = tpRiio'2)4'R = ^^■'il^Ri4>Rj for right- 
handed spinors and '4'l4'l = V'i(~*'^2)0L = —^^■^i^Li<t>Lj for left-handed spinors, where 
e'-^ is the totally antisymmetric tensor of rank 2. As tjj(j) = 4''^ (we recall that fermions 
anticommute) , it is now obvious that the antisymmetric mass term identically vanishes 
when ^ = We see that a Majorana mass term in 6D always mixes "+" and "— " 
components. However, this does not a priori prohibit from building a Majorana mass term 
for the vortex-bound left-handed neutrinos via a see-saw mechanism, as the +L components 
of the chiral zero modes explicitly depend on the —L components, therefore there are only 
two degrees of freedom per zero mode [1]. 

2.2 Compactification on a sphere 

So let us consider a single fermion field N , singlet under the Standard Model gauge group, 
that will play the role of the heavy "right-handed" neutrino for the see-saw mechanism. As 
discussed in the introduction, it is necessary to set the model with a compactification on 
a sphere rather than with flat extra dimensions, in order to realize the see-saw mechanism 
in a consistent and realistic way. The Lagrangian for a bulk fleld A'^ in x S'^ with a 
(antisymmetric) Majorana mass term is given by 

= iNdaT^'N + N—N-— (N^N + NN^) , (2.4) 
V - det gAB R 2 

where the metric g^B is given by 

(is2 ^ g^^dx^dx^ = g^.udxf'dx" - R^{de^ + sin^ Odcf^) , (2.5) 

and 

D = -^V'(^e + '^)-^^^, . (2.6) 
V 1 smb' 



To obtain the 4D effective Lagrangian, the bulk field is decomposed into orthonormal spinor 



spherical modes Tf (6,<j)) (see Ref. [28]) of the Dirac operator on a sphere 



where 



with a = (o"! ± i(T2)/2, and 



cr" (g) 1 (T+ (g) 1 
cr+ (g) 1 cr" (g) 1 



b ■ {AUx,^^) = i\{AUx,ra) , (2.9) 
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with A = ±(/ + i), / 



1 3 
2' 2' ■ 



m 



^ 2 ' 2 ' ' 



, \m\ < I, 



U 



(2.10) 



where ^ and x = *'^2X* ^-^^s respectively left-handed and right-handed Weyl spinors in 
Minkowski space (so both ^ and x &re left-handed). With this decomposition, we obtain 
the 4D effective Lagrangian 



de d(t) Cn = Xx,midxx,m + Cx,midCx,m 

X,m 

A M 

' ~f^XX,m^—X,m H ^(^A,ms— A,— m XA,mX— A,— mj ~l~ h.C. 



(2.11) 



where 5 = d^a^, d = ^^,a^', and M = e(A)(-l)'-™M, e(A) = sign(A). 

The equations of motion show that modes are related by groups of four when M 7^ 0, 



f -M -\/R k \ 
-M k -X/R 
X/R k -M 
\ k X/R -M J 



( 



X-x, 



\ 



^X,—m 
^— A,m 
V XA,m J 



(2.12) 



with id = k, id = k. We therefore obtain the correct dispersion relation 



(2.13) 



Notice that because of the positive curvature of the sphere, there are no zero-modes. The 
propagator in momentum space is obtained by inverting the matrix operator in Eq. ( 2.12| ) 





'^X— X++ X— ^ 


-+ X- 




X— X- 


\ 






T 


C+-X++ 


-+ e+ 




C+-X- 











C-+X++ 


-+ e- 




C-+X- 










\X++X++ X++C 


-+ x+ 




X++X- 












/ M 





-A/i? 


k 




\ 




i 





M 


k - 


-X/R 




-M^-xyR^ 


X/R 




M 















A/i? 





M 


/ 



(2.14) 



where abbreviated indices itib stand for itA, itm. 

So to summarize, the six dimensional bulk field N with a Majorana mass term is 
equivalent to a tower of massive modes ^A,m and XA,m in the 4D point of view, with masses 
and propagators given by Eq. (2.14). 



3. See-saw mechanism with chiral zero modes 

The goal of this section is to implement the see-saw mechanism in a minimal model with 
a vortex background on x S^. Before venturing into this model with a full account of 
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fermion L+, L_ 


3 L zero modes 


(3,0) 


-1/2 


2 


1 


fermion i^^ 


3 R zero modes 


(0,3) 


-1 


1 


1 


fermion 


massive modes xx,m, i\,m 








1 


1 


scalar S-^- 


(composite field) 


-1 





1 


1 


scalar S- 


(composite field) 


2 





1 


1 



Table 1: Field content of the model (scalars and leptons only). 



its technicalities, let us give a brief argument on why the see-saw mechanism in 6D might 
explain the presence of large mixing angles in the leptonic mixing matrix Umns- As shown 
in Sec. ^ (Eq. ( |2.3D ), a Majorana mass term in 6D always connects a "+" component with 
a "— " one. A see-saw mechanism in 6D would amount to create an effective Majorana 
mass term for the lepton doublet L (which contains the Standard Model neutrinos in the 
dimensional reduced effective theory) in a term of the form 



L''{A + BTr)L +h.c. 



(3.1) 



for some coefficient A,B. The field L is bound to the vortex, and gives rise to three 
left-handed zero-modes L„ (n = 1,2,3 is therefore the family (or generation) number in 
4D), with the +L components explicitly dependent on the —L ones. Dropping the angular 
factor around the vortex (which does not change the argument), we have 



( \ 

f2{n) In 

h{n) In 

\ / 



(3.2) 



where /2 and /a are functions of the extra dimensions that have a leading behavior /2(?^) ~ 
Q'i-n fz{n) ~ at a small distance 6 near the core of the vortex. As a result, the 
neutrino see-saw matrix element (n, m) is expected to behave as f2{n)fz{Tn)+fi{n)f2{'rn) ~ 
Q2-\n-m\ ^^YiQ see-saw matrix is symmetric). Therefore, it will have a dominant entry at 
position (1,3) and (3,1) 

/ • • X 



(3.3) 



V 
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which guarantees one large, close to maximal mixing angle. We also expect light neutrino 
masses to follow a "pseudo-Dirac" inverted hierarchy mass pattern mi ~ —m2 S> m^. To 
have two large mixing angles in Umns in a pattern close to the observed one, there are 
two possibilities. Either one large mixing angle is attributed to the charged lepton mass 
matrix (more precisely in the 2 — 3 block in case it corresponds to the heaviest charged 
lepton states), and this possibility is analyzed in Sec. [4.3|, or both large mixing angles stem 



from the neutrino sector. We will see in Sec. 4.4 how this second possibility can emerge 
without contradicting the simple line of reasoning outlined above. We now go back to the 
chosen setup on a sphere, and see how the model is implemented in details. 

3.1 Field content of the model 

The field content is similar to the model of Ref. [11], and is given in Table 1 for easy 
reference (we only consider the leptonic sector). The brane is the Abelian vortex made of 
a gauge field A (for the gauge group U{l)g) and a scalar field $ = F(6')e*'^. The scalar 
field H has the quantum numbers of the Standard Model scalar doublet, while X is an 
additional scalar field needed to have inter generation mixings among quarks and leptons. 
With a suitable scalar potential V{^,H,X) (see Ref. [4] where the flat space analogous 
case is discussed), the interaction with the vortex results in their localization around the 
brane. The electroweak symmetry is spontaneously broken in the usual way by the field 
H, while the vortex structure is generated by ^. 

The charges of the fermions under the "vortex" group U {l)g are now (3, 0) for (L^,L^) 
and (0,3) for {E^,E^). This differs from the "flat case", where we had taken half integer 
chiral charges, like +3/2 for L-|- and —3/2 for L_. The reason for the change is that on 
a sphere, half-integer axial charges for fermions are inconsistent with the Dirac's charge 
quantization condition [3]. The interaction of these fermions with the vortex field, 

giq>^L^^^L + ge<^>*^E^^^E + h.c. , (3.4) 
results in the localization of three chiral zero modes. The bulk fermion singlet is not 



given any chiral charge under U{l)g so that no term like Eq. (3^) which would result in 
the localization of the field can be written. In this paper, for simplicity, we choose N to 
have no charge under U{l)g. Otherwise, the decomposition of the bulk field into spherical 
modes given in Sec. ^ would not be valid. 

In Table 1, and S- are not necessarily additional elementary scalar fields in the 
model, but represent effective couplings lumping products of the existing scalars already 
introduced, that leave the following Lagrangian invariant {H = ia2H*) 

—^^ = Y^Y,^{S^)HS+L^-^N + Y,yu{S^)HS^L^-^N + h.c. , (3.5) 
^J-deigAB ^ 

therefore 5+ and S- can be 

S+ = ... 

S- = $^ ... (3.6) 



-8- 



Notice that we don't limit the Lagrangian to quartic terms, as the 6D theory is not renor- 
mahzable, and can only be seen as the low-energy part of a more complex structure, so 
are dimensionful couplings, as will be later discussed. The reduction of the Lagrangian Cd 
to four dimensions will give rise to Dirac type masses for the Standard Model neutrinos. A 
non- vanishing result appears only for terms with a total winding number around the vortex 
equal to zero. This leads to selection rules among the modes of the bulk field N . Therefore, 
a different flavor structure of the see-saw mass matrix for the three light neutrinos arises 
for each 5+ and S- , as they have different winding numbers around the vortex. 

3.2 Chiral zero-modes and neutrino Dirac masses 

Fermionic zero- modes in a vortex background on a sphere have been calculated in Ref. [3]. 
Using the same notations, the three zero for L are written as 

/ \ 







\ 







(3.7) 



with n = 1,2,3, and In is a two component spinor. Let s± be the winding number of the 
composite scalar fields S±, so 



tS±(j 



(3.8) 



Following Sec. ||, the bulk field is decomposed in a tower of spherical modes. In a more 



explicit fashion, we have T 



so 



\,in 



(3.9) 



27TR Slije) e— /4 6,m(x'^) 

By integrating over the extra dimensions, we get the effective neutrino Dirac mass La- 
grangian J dd d(pCD = >C+ + 

= ^ M±(A,n,s±) /"„XA,m± +h.c. , (3.10) 

n,s±,X 

with the selection rules from the (p integration 

1 



2 
7 



n — s+ 



n — S- 



(3.11) 



and 



M+(A,n,s+) = j de sm9Y+{S+)H{e)S+i0)iV2^Rf3{n,e))S, 



d 



M-{X,n,s.) = I de smeY~{S^)H{e)S-{0){V2TTRf2in,e))S-1^_ie)e'^/^ .(3.12 



-9- 



3.3 Neutrino see-saw masses when M = 



When M = 0, lepton number is a conserved quantity in the Lagrangians Eqs. (|2ll| ) 



and ( 3.1C| ). Therefore, as <C the three light neutrino mass eigenstates are exactly 



massless, and mixings of flavor eigenstates with massive states are suppressed. 

In order to generate light neutrino masses, one might introduce explicit lepton number 
violating mass terms. In analogy with Eq. ( |3.5| ), we can consider the following Lagrangian 



Y^Yl+HS'^L—-^N' + Y,yl-HS'_L^-LN'^ + h.c. , (3.13) 



where S'-^ are composite scalar fields with a winding number 

5-^ = X*,X*2^>, . . . 

S'_ = X^, ... (3.14) 

It turns out that this attempt still fails to generate neutrino Majorana masses for the light 
states. It can be checked that all three Lagrangians Eqs. (p.4|), ( |3.5D and ( |3.13D (with 
M = 0) as well as the kinetic terms for L are invariant under the discrete symmetry 

L^e'¥^-^^)L , (3.15) 

where Fs = iVo . . . Fs, S = ir4r5, and a simultaneous sign flip of the coupling constant 
gi — )• —gi. The latter does not affect the zero- modes of L and thereby is irrelevant in the 
following discussion. The action of this symmetry is more readable when and L are 
decomposed into their chiral components. Simply, 

■tp^ -ip if ip = N+R, N+L, L^R, L^L 

if = N.R, N^L, L+R, L+L (3.16) 

So when M = 0, the Lagrangians considered so far are invariant under this symmetry. 
However, a Majorana mass term for the light neutrinos corresponds to the effective coupling 
Eq. ( |3.1| ), which is not invariant under the transformation Eq. ( ^.15| ). 

3.4 Neutrino see-saw masses when M ^ 

A non-zero bulk Majorana mass term for N does break the symmetry Eq. ( ^.15 ), so that 



neutrino see-saw masses can indeed be generated in this case. They are calculated as trun- 
cated two-point functions with a transfer momentum /c — t- 0. For the see-saw mechanism to 
work, the "magnetic" quantum numbers of the bulk field modes m+ and m_ in Eq. ( 3.12| ) 
have to be opposite in value. We obtain the following neutrino see-saw mass matrix 

^ __ ^ -M+(A,n,s+)M^(-A,m,s_)M(-l)'-(i/2-"-«+)e(A) 

(3.17) 

where n,m = 1,2,3 are the generation indices, and a non-zero contribution appears only 
if the selection rule n + m + s+ -\- S- = 4 is respected. 
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3.5 Charged lepton masses 

In the same spirit of the neutrino sector, we write down all possible interactions that give 
a mass to the charged leptons, and investigate all possibilities 



V- det QAB 



where S^j^ can be 



Y+{S'^)S'^HL^-±^E + YriSDsLHll^E + h.c. ,(3.18) 



5' 



- X'^^*, X, ^, X*^'^, ... (3.19) 

The interaction of E with the vortex background Eq. ( |3.4D leads to the localization of three 
right-handed zero-modes [3] 




\e-^<^(™-^/2)/2(m,0) emixf") J 

After integration over the extra dimensions, we get the charged lepton mass Lagrangian 
Jd9d(j)CE^jC^++jCL, 



Em{e,cP,X^') 



, m = 1,2,3 



(3.20) 



with 

M+{n,m) = 2ttR^ J dO sin eY+ {s+) H {9) S+{e)f 3(71, 6) f 3(711, e)5n- 
Mf{n,m) = 27: j dd siuOY^- {s.)H{e)S^{6)f2{n,9)f2{m,9)5n-m+s.fl (3.22) 
4. Estimates for mass and mixing matrices 

The Brout-Englert-Higgs field is localized on a narrow region of typical size R9^, locked 
to the profile of <I> through the scalar potential [29,30]. Therefore, integrals over 6 that 
appear in Eqs. ( 3.12 ) and Eqs. ( ^.22 ) are typically saturated at ^ = ^ 1. To estimate 
the mass matrix elements, we therefore use approximate profiles for the various fields that 
are accurate enough under this narrow BEH scalar assumption. On [0,0$], we have 

H{e) ~ F(0) = VH 
X{9) ~ X{0) = vx 

[7$ 



(4.1) 



For the fermion zero modes, it has been shown in Ref. [3] that on [0,0$], the profiles are 
approximately given by (n = 1, 2, 3) 



3— n 



(4.2) 
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with typically 6^ 9a < O^p- 

Operators with different dimensions in Eqs. (p.5|), ( |3.13| ) and ( |3.18| ) are unsuppressed 
if vx ~ Cj^F ~ where A is the energy scale of the model. The value vh of the field H in 
the core of the vortex cannot however be as large. Indeed, as H is charged under SUi2)w-, 
the relation ^ 

2nR^ r dO sineH^ie) = ^ (4.3) 
^0 2 

which defines the effective Brout-Englert-Higgs scalar expectation value Vsm — 250 GeV, 

has to be satisfied [29,30]. 

What is the "new" scale A of the model? While the obvious dimensional parameter 

is 1/R, the energy scale really appearing is determined by the size of the vortex, rather 

than the sphere, namely A ~ 1/{9^R), and 0$ depends mostly on the fermion spectrum 

choices we make [4,5,29,30]. Prom pure phenomenological considerations, the model is 

constrained by flavour violating processes, with the strongest constraint arising from the 

non observation of the decay K — )• /i^e^; it requires the size R of the extra dimensions 

to satisfy 1/R > 64 TeV [6]. Just to fix ideas, we will assume here that 1/R ^ 100 TeV. 

In what follows, we take 9^ ~ 0.1, a value that enables to reproduce quark and charged 

lepton hierarchical mass patterns, so that A ~ 10^ TeV, and ~ 10^ TeV^. 

4.1 Charged lepton mass matrix 

If we assume that all terms in the Lagrangian C e (Eq- ( |3.18| ) ) have order one dimensionless 
coefficients, i.e. if a generic term with winding number s has a coupling Y/^ = Y/^ls) ■ 
^-(2|s|+2|s-i|+i) ^if^ii ^i^(s) ~ C)(l), then the charged lepton mass matrices Mj^ and Mj^ 
corresponding to terms with the projector (1 + Tj) and (1 — Fy) resp. have the following 
structure 




(5^(5^ 5^(3 6^/3' 

5^f3 5^ 5 \ , (4.4) 



1 



where 5 = 9^/9 a-, = ^^i/^v = (1 + ^a/S). Notice that these matrices are in 

general not symmetric. 

The matrices in Eq. ( [4.4| ) exhibit a hierarchical structure which can accommodate the 
observed hierarchy of the charged lepton masses rrie <^ <^ m^. Large mixing angles can 
also be present. Indeed, can easily harbor a large mixing angle in the 2 — 3 block, and 
if /3 ~ 1/5, can also have one in the 1 — 2 block. However, such a large mixing between 
the lightest charged lepton mass eigenstates cannot lead to the observed Umns matrix. 
Instead, the large mixing has to occur among the heaviest mass eigenstates. If only Af^ 
{M^) is present, this requires a tuning of the coefficients in the ratio 1^~(0)/1^~(1) ~ 6/2 
(resp. (0) /Yi^ {—!) 6/2). It is then possible to accommodate both the observed 
charged lepton masses and a large mixing angle between /x and r. The presence of a factor 
/3 in Mj^ enables to achieve hierarchical masses more easily compared to . As a result, 
our numerical study showed that for , it is not possible to have one large and two 
small mixing angles in the mixing matrix Ui. For Mr , on the other hand, with 9^ ~ 0.1, 
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0^ ~ 1, = TT, we could obtain the observed charged lepton mass ratios mT-/m^, m^/nie, 
together with a maximal mixing between r and /i; the small mixing angles in Ui are then 
of order 5. Also, rrir has naturally the right order of magnitude in our model if Yf ~ 1 
as rriT ~ 6^vh/^ ~ 1 GeV. When both Mj^ and M^^ are present, an even stronger fine- 
tuning of the coefficients is needed to achieve a large mixing angle, so we discard this case. 
In summary, one can accommodate the observed hierarchy of the charged lepton masses 
nie <C rUfj, <C nir and one large mixing angle (that observed in atmospheric neutrinos 
oscillations) in this model, when only operators with the projector (1 — Tj) are present in 



the Lagrangian Eq. (|3.18[) . 



4.2 Neutrino see-saw mass matrix when M ^ 

To estimate the neutrino see-saw masses of Eq. ( 3.17 ), where the Dirac masses are 
given by Eqs. ( p.l2| ), we recall the explicit expression of the spherical functions S*^ and 



s: 



dim 



,1+ 



-1)" 



+ m)\{l - m)\ 
2lH+i/2r(/+) 



g-i7re/4^|m |,|m+|(-^-jp 



\m |,|m,+ | 
l-\m\ 



(x) 



(4.5) 



where l'^ = I ± 1/2, = m± 1/2, e = sign(A), x = cos 6*, p"''^(x) = ^(1 - x)"(l + xY 
and Pn'^ are the Jacobi polynomials, and notice the following points: 

• All the terms in Eq. ( 3.171 ) have a phase equal to one. This can be easily checked 
using expressions in Eq. ([4.5[). 



For < 61 < 6*$ < 1 [31], 



\s: 



uAm I 



\s: 



dim I 



\'~^u,lm,\i \'-^d,lm\ 



{l0)\"'~\Vl at Ki/e 

{ie)\'^*\Vl at / < i/e 

cos{W) 



V9 



at I > 1/e 



(4.6) 



As a result, for / ^ l/^*, the Dirac masses are increasingly suppressed. There- 
fore, one can limit the sum in Eq. ( ^.171) to values of A that are smaller to Xmax ~ 
2tt/9^ in module. 

As for the charged leptons, we express the dimensionful Yukawa couplings in terms 
of a dimensionless coefficient Y^f^ and a power of the energy scale A. From Eq. ( p. 61 ), we 
have Y+{S+) = Y+{s+) ■ A-(2k+l+2|s++i|+i) y-(5_) = 17(s_) • A-{2\s-\+2\s^-2\+i) ^ 

Assuming vx ~ C'ttF ~ A^, we obtain the following structure for the neutrino (symmetric) 
see-saw mass matrix 

/^6^ 6 l\ 



M 



A2 M2 + l/i?2 



\ 



6 5^ 5 
1 S 6^ 



(4.7) 
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The light neutrinos masses follow the inverted hierarchy pattern \mi \ ~ \m2\ ^» I'tt-sI, with 
1 7713 1 ~ 5^ I mi I . Moreover, nii and m2 form a "pseudo-Dirac" pair as mi + m2 ~ (5^|mi|. 
Therefore, this model naturally predicts a hierarchy in the mass squared splittings relevant 
in neutrino oscillation experiments Am2i/Amf3 ~ (5^, in good agreement with the observed 
data Am^i/Amfg ~ 3.2% [13]. 

For the neutrino masses to be in the sub-eV range, we need a Majorana mass that is 
either very large, M > 10^^ GeV, or very small, M < 10 GeV, compared to the compacti- 
fication scale. A third possibility is to trade this large or small Majorana mass for smaller 
Yukawa couplings. In this case, we can suppose that the Majorana mass M ~ 1 /R, which 
brings all dimensional quantities to their natural scale. Also, it is more natural to suppose 
that M ~ 1/R rather than M ~ A, as the field N does not interact with the vortex. A 
value around 10~^ for the dimensionless couplings in Eq. (|3.5[) gives Amfg ~ 2.5-10-3 eV^. 

The neutrino mass matrix Eq. (|4.7|) is diagonalized by a matrix U,y with the structure 



I I/V2 1/^/2 5~ 

5 <5 1 I +0{5'^) . (4. 



Let us emphasize that the large mixing angle in the 1 — 3 block is maximal up to 5"^ 
corrections. When the charged lepton mass matrix contains a large mixing angle in the 
2 — 3 block, this model predicts two large mixing angles in Umns = Uju^, as observed. 
The remaining small mixing angle Ues, which corresponds to the weight of the lightest 
mass eigenstate in the electronic neutrino, is predicted to be of order S. Moreover, as all 
phases in Eq. ( |3.17| ) are real, there is no CP violation in this model. 

As the observed ^13 angle in Eq. ( |1 . 1| ) is small, the matrix U mns is often parameterized 
in the following form (neglecting possible CP phases) 



Umns 



^ cos 9q sin 9q e 

— cos 6*® sin 00 cos 0® cos 00 sin^® | , (4-9) 
^ sin 00 sin 00 — sin 00 cos 00 cos 9, 



where the solar (neutrino) angle 00 ~ 35°, the atmospheric (neutrino) angle is close to 
maximal 00 ~ 45° and |e| <^ 1. This form suggests that 00 is due to Ui while 00 originates 
from Uu- In our model, it is amusing to notice that the almost maximal value of 00 is 
"accidental" , whereas the non-maximal value of 00 is due to a shift of the quasi-maximal 
angle in Ui, by small mixing angles ~ 6 present in Ui, when the product Umns = uju^ is 
performed. 

4.3 Numerical example one 

We found that a value 6 = 0.07 is suitable to accommodate both the steep hierarchy of 
charged lepton masses, and the large (but not maximal for 0i2) mixing angles in Umns- 
So we took 0$ = 0.07, 9a = 1, 9^ = tt, and the energy scale is fixed at A = 10'^ TeV. For 
the scalar fields, as discussed earlier, we considered that vx = C-j^p = A^. For vh, using 
VsM = 250 GeV, Eq. (U) gives w// ~ 100 TeV^. 
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500 



Figure 1: Dirac masses given by Eq. (3.12) as a function of A, with A = 100 TeV, C^^p = vx 
9g, = 0.07, 9a = 1, d-if, ~ TT, and dimensionless coefficients Yf' equal to 1. 



A2 



For the charged lepton mass matrix Mi, only interactions with projector (1 — r7) 
in Eq. ( 3.18 ) are kept, with coefficients Yf' = yo {0.1, 3.4, 1, 30, 0.1} for operators with a 
winding number s = —2, . . . , 2 with the factor yo = 5.0 fixed by the rrir mass^. We obtain 



M, 



/ 3.01 • 10-^ 2.33 • 10-2 1.11 . 10-3 

2.64 • 10-3 3.0 • 10-3 1.28 
y 1.11 • 10-3 1.46 • 10-^ 1.22 



[GeV] 



(4.10) 



This matrix does lead to the observed charged lepton masses, although this requires some 
tuning in the coefficients Yj~ . Mi is diagonalized by two unitary matrices Ui and Vi 



U(MiVi = Di = diag{me, m^,mr} 



(4.11) 



with 



U, 



/ 0.976 -0.219 0.0014 
0.151 0.676 0.722 
y -0.159 -0.704 0.692 



0.999 -0.0088 -0.0015 
Vi = I 0.0087 0.998 0.058 
-0.002 -0.058 0.998 



(4.12) 



So Ui contains one large mixing angle in the 2 — 3 block, tuned to be close to maximal, 
while Vi is close to identity. 

For neutrinos, the Dirac masses calculated with Eq. ( 3.12| ) decrease rather slowly with 
A, as can be seen in Fig. 1. Therefore, when M is large compared to 1/R, a large number 
of modes is needed to calculate neutrino see-saw masses with some precision. On the other 



^These large values of Yf~ axe still within the perturbative range if factors of (27r) are taken into account. 
For instance, the effective coupling for s = 1 is i^" (l)/(27r)^ ~ 0.6. Also, vx and CnF could be raised above 
A^ to decrease the coefficients. 
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hand, as discussed in Sec. |4^, it is preferable to suppose a Majorana mass around the 
compactification scale M ~ 1/i?. We take M = 1/R = 70 TeV. When M ~ 1/R, the 
number of modes that contribute significantly to neutrinos masses is much more hmited, 
because of the increasing curvature mass term in the denominator of Eq. ( p. 17 ). In this 
numerical example, we take Xmax = 100. We have checked that taking a larger value 
of Xmax (= 500) doesn't affect the results presented here. For all the operators with 
the lowest dimension in Eq. ( |3.5D , corresponding to winding number s+ = { — 1,0} and 
S- = {0,1,2}, we take a common value yu for the dimensionless coefficient; all higher 
dimensional operators are neglected. The value i/i, = 7.5 • 10^^ is fixed by the observed 
Am-I^ for atmospheric neutrinos. We find that these parameters give a good fit to all 
neutrino data, with the correct value of Am|]^ for solar neutrinos following automatically. 
We obtain 

/ 7.78 • lO-'' 1.65 • 10- 
= 1.65 • 10-3 1.30 . 10- 
^4.74-10-2 1.53-10- 

is diagonalized by one unitary matrix Ui, 




[eV] 



(4.13) 



uIm^U; =Dy = diag{-4.699 



10-^ 4.787 • 10-^ 2.358 • 10"^} [eV] 



(4.14) 



with 



( 0.704 0.709 -0.032 \ 

-0.0016 0.047 0.999 
^ -0.710 0.703 -0.034 y 



(4.15) 



As announced in Sec. ^, Uy contains one large, close to maximal mixing angle, and the 
neutrino mass spectrum is pseudo-Dirac. We obtain Amfg = 2.21 x 10"^ eV^, Am2i = 
8.39 X 10~^ eV^, so Amli/Am^g = 3.8%, all these values are close to the observed ones. 
Finally, for the matrix Umns 



Umns 



UjUy, we get 

/ 0.800 0.587 0.124 
0.344 -0.619 0.706 
^0.492 -0.522 -0.697 



(4.16) 



Therefore tan^ 6*12 = 0.539, tan^ 6*23 = 1.026, sin^ 6*13 = 1.55 • 10^^ xhe present matrix is 
of course real, as, for simplicity we did not try to include CP violation; this can of course 
be considered as a future extension. 

The amplitude for neutrinoless double-beta decay (Oz^/3/3) is proportional to a quantity 
commonly referred to as the effective neutrino Majorana mass, {mpp) = 'Yli''^i^ei- 
example, we have 

I {mpp) I = 13.5 meV , (4.17) 

with a partial cancellation due to the pseudo-Dirac pattern. 

Although the precise values obtained here should not be taken too seriously, as they 
rely on rough approximations for the scalar and fermion fields in extra-dimensions, nev- 
ertheless, this example shows how the puzzling pattern experimentally observed in the 
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Umns matrix can arise in our model, while ensuring hierarchical charged lepton masses. 
Moreover, the prediction of an interesting pseudo-Dirac structure for neutrinos may be of 
great experimental significance. 

4.4 Numerical example two 

When light neutrino masses have an inverted hierarchy with a pseudo-Dirac pair, a par- 
ticular structure of the neutrino see-saw matrix can give rise naturally to the presence of 
two large mixing angles in the Umns matrix [32]. Indeed, if —mi ~ 1712 ^ ms and Umns 
is given by Eq. ( [4. 91) with 9q = 7r/4, we are led to the following pattern at leading order 



= Umns ■ ■ Ul 



MNS 



—mi cos / 
y mi sin 0( 



-mi cos mi sm ( 



(4.18) 



In our 6D model, this pattern does not appear automatically if operators in Eq. (3.5) all 
have order one dimensionless coefficients. However, as we demonstrate in this numerical 
example, it can appear if some operators are dominant. Moreover, this example is also 
interesting as it only requires operators with the lowest dimension in each sector. 

As in the first numerical example, we take 9^ = 0.07, 0^ = 1, 0^ = vr, A = 10^ TeV 
and M = 1/R = 70 TeV. Let us start with the neutrino see-saw matrix. If we take 
y+ = {1, 1.7} for s+ = {-1, 0}, y- = for s_ = 1 with = 2.8 • lO'^ and neglect ah 
other operators, then the neutrino see-saw matrix is given by 



/ 3.62 • 10-2 3.50 . 10-2 
= 3.62 • 10-2 1.46 • 10-3 
y 3.50 -10-2 

Ml, is diagonalized by one unitary matrix Ui^ 



[eV] 



(4.19) 



uIm^UI =D^ = diag{ -5.003 • IO-2, 5.079 • IO-2, 7.089 • 10-^} [eV] 



(4.20) 



with 



U, 



( 0.710 0.704 0.014 \ 
-0.499 0.517 -0.695 
-0.497 0.486 0.718 



(4.21) 



So Uy has approximately the so-called bimaximal structure (see e.g. Ref. [33] and references 
therein), which can easily be made compatible with the observed Umns-, after small angles 
present in Ui come into play. The neutrino mass spectrum is pseudo-Dirac, with Amf^ = 
2.50 X 10-3 eV2, Am|i = 7.63 x 10-^ eV2, and Aml^/Amfg = 3.05%. 

For the charged lepton matrix, we take a simple situation where only the two operators 
corresponding to = {X, <!>} are present with a dimensionless coefficient yo = 7.0. We 
get 

/ 4.21 • 10-^ 1.08 • 10-3 



Ml 



4.19 • 10 




'3 5.98- 10- 
1.71 



[GeV] 



(4.22) 
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This matrix leads to hierarchical charged lepton masses, although somewhat discrepant 
with the known values of me, and m,-. Here we need to stress again that the present 
evaluations are illustrative, and use rough approximations of the fermion field profiles 
(Eqs. ([4.2|)) and step-up or linear profiles for the scalar fields (Eqs. (|4.1|)). So we have here 



uJMiVi 



D, 



diag{4.07 • 10"^ 4.33 • 10"^ 1.71} 



[GeV] 



(4.23) 



with 



Ui 



f 0.967 0.253 0.0 

-0.253 0.967 0.035 
^ 0.009 -0.034 0.999 



Vi 



( 0.999 0.025 0.0^ 
-0.025 0.999 0.0 
^ 0.0 0.0 1 



(4.24) 



In this case, the mixing e — /i is responsible for the non-maximal mixing angle observed in 
solar neutrino oscillations. We have for Umns = UjUi, 



Umns 



/ 0.808 0.555 0.196 
-0.286 0.662 -0.693 
y -0.514 0.504 0.694 



(4.25) 



corresponding to tan^ 6'i2 = 0.471, tan^ 623 = 0.997, and sin^ 6*13 = 3.85 • 10"^. 

Again, the pseudo-Dirac structure leads to a partial suppression of the effective neu- 
trino Majorana mass relevant for neutrinoless double-beta decay experiments 



17.0 meV 



(4.26) 



5. Summary &; Conclusions 

We returned to the question of neutrino masses in the context of a six-dimensional model 
compactified on a sphere. Previously, we have dealt with charged fermions in this context, 
and shown how a vortex with winding number 3 allowed to generate 3 light 4-dimensional 
families from a single one in 6D. The scheme is furthermore quite predictive, and mass 
hierarchies appear automatically. We also noted that higher excitations of the gauge bosons 
mediate interesting neutral flavor-changing, but family-number conserving interactions. In 
fact, the winding number in the extra dimensions acts as a family number. 

Here, we addressed specifically neutrinos (which we had only considered this far in a 
flat geometry), and showed that, in addition to treating neutrinos like the other fermions 
(which results in Dirac masses), light masses can be generated via the seesaw mechanism 
with the introduction of a single heavy neutrino in 6D, unbound to the vortex, embedded 
with a bulk Majorana mass. As shown in Sec. ^, a distinctive feature of a Majorana 
mass in 6D is that it only connects degrees of freedom (4D chiral components of the 6D 
field) with opposite 6D chiralities and "-" . This feature combined with the particular 
structure of the fermion chiral zero modes in the vortex background, for which the 
and "-" components are explicitly dependent on each other (Eq. (^.2|)), results in a light 
neutrino mass matrix where one mixing angle is automatically maximal and where the 
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eigenvalues obey an inverted hierarchy with a pseudo-Dirac pattern for the heavier states 

In this paper, the vortex paradigm is specifically implemented with a compactification 
on a sphere, which enables to consider bulk modes of the unbound field in both a consistent 
and calculable way. The size of the extra-dimensions is only constrained by limits on 
flavour violating processes, with the main constraint stemming from the decay K — )• fi^e^, 
which requires 1/R > 64 TeV. The size of the vortex on the other hand, which is here 
parameterized by the quantity 5 = 9^ /9a ~ 0.1, and which governs the wave function 
profiles of the chiral zero-modes, is chosen to match the steep hierarchies found in quark 
and charged lepton masses. With this rather large value of 5, the overlap between the zero- 
modes of the lepton doublet field L and the singlet field N is not suppressed enough to 
account for the smallness of the light neutrino masses. For ~ 100 TeV, these require a 
large bulk Majorana mass M ~ 10^^ GeV or, a small Majorana mass M ~ 10 GeV or, more 
elegantly, M ^ 1/R with slightly smaller dimensionless Yukawa couplings ~ 10~^ — 10~^ 
(one could also consider much smaller extra-dimensions 1/R ~ 10^ TeV). While the model 
does not fix automatically the absolute neutrino mass scale, a very crucial point is that it 
does fix the ratio of the mass squared differences, as Am\i/ Am\i ~ (5^. As we now know, 
the central value for the ratio of the observed Am^ for solar and atmospheric neutrinos is 
about 3.2% in the inverted hierarchy scheme, therefore this value gives a strong support 
to this model. Another strong clue in favor of the model is that the so-called solar mixing 
angle is predicted in the range 7r/4 — 6*0 ~ 5, in very good agreement with the observed 
value 9q ~ 0.6. 

As shown in numerical examples 1 and 2 (Sec. 4.3 and Sec. 4.4), realistic 4D patterns for 
neutrino masses and mixings are possible in this model. The main challenge is to account 
for the second large (and close to maximal) mixing angle first observed in atmospheric 
neutrino oscillation experiments. To this end, some tuning of the dimensionless couplings 
in the 6D theory is necessary. However, tuning does not necessarily mean fine-tuning. For 
instance, in the numerical example 2, the bimaximal structure in Uy comes out naturally 
with all the non-zero coefficients in the neutrino sector having the same order of magnitude. 
The situation is quite different in the numerical example 1, when one attempts to attribute 
the large atmospheric mixing angle to the charged lepton sector in [//. Although possible, 
this requires a hierarchy in the dimensionless coefficients 1^" (0) /Yf (1) ~ 5/2, which breaks 
the simple order of magnitude reasoning. Moreover, the coefficient y^~(— 1) needs also to 
be adjusted quite finely if one wants to keep the steep charged lepton mass hierarchy, in 
particular the smallness of the electron mass. 

Finally, this model (where we have not yet attempted to include possible CP violation) 
gives a number of definite predictions that are experimentally testable, but that have 
not been experimentally decided yet. The first one is that the neutrino mass hierarchy 
is inverted, and so Aml^ < 0. The second one is that the yet unknown small mixing 
angle C/gs should be of order 8 ~ 0.1. The third one emerges from the pseudo-Dirac 
pattern for the heaviest mass eigenstates mi ~ —m2, which implies a partially suppressed 
signal at neutrinoless double-beta decay experiments. We have | {mpp) \ = \ Ylii'^i^ei\ — 
y^A^ (I - i) ~ 16 meV. 
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Notations 



Dirac fermions in six dimensions are described by eight-component spinors; we work with 
the following representation of six-dimensional 8x8 Dirac matrices = . . . 5) 

where S° = S° = 7%°, = -S* = 7%^ (i = 1 . . . 3), = -S^ = ^7°7^ = -S^ = 7°, 
and 7^^ (// = . . . 3) , 7^ = 270 ■ ■ ■ 73 are the usual four-dimensional Dirac matrices in the 
chiral representation. Also, the matrix Tj is introduced as an analog of the matrix 75 in 
four dimensions 

r7 = ro...r5=(^J_°^^ . (5.2) 

The subset of with ^ = . . . 3 forms a 8 x 8 representation of the Clifford algebra in 
4D. Therefore, chirality in 4D is represented by the matrix = —iV^ . . .T^. Finally, we 
define the matrix S = iV^T^, therefore = FsS. 

The dimensional couplings in the 6D theory are labeled by a capital Y {e.g. Y^, Yj^). 
The dimensionless couplings are denoted by the correspondent symbol with a tilde (Y^ , 
Y^). We use the symbols M, M^), My and Mi for the neutrino Majorana mass in 6D, the 
4D neutrino Dirac masses, the light neutrino see-saw mass matrix, and the charged lepton 
mass matrix respectively. Also, n,m = 1,2,3 label the three families (generations) in the 
Standard Model. 



Acknowledgments 

The authors are indebted to E. Nugaev and S. Troitsky for useful comments and discussions. 
This work is funded in part by IISN and by Belgian Science Policy (lAP VI/ 11). This 
work has been supported in part (ML) by the Russian Foundation for Basic Research 
grant 08-02-00473, by the Federal Agency for Science and Innovations under state contract 
02.740.11.0244, and by the grant of the President of the Russian Federation NS-5525.2010.2. 
JMF thanks the CERN division for its hospitality in early 2009 while this work was in 
progress. ML would like to thank the Service de Physique Theorique, at Universite Libre 
de Bruxelles and Yukawa Institute for Theoretical Physics, at Kyoto University where 
part of this work was done under support in part by the Dynasty Foundation, for kind 
hospitality. FSL would like to thank the Institute for Particle Physics Phenomenology at 
Durham University where part of this work was done for kind hospitality. 



References 



[1] M. V. Libanov and S. V. Troitsky, Three fermionic generations on a topological defect in 
extra dimensions, Nucl. Phys. B599 (2001) 319-333, [ ^ep-ph/0011095 |. 

[2] J.-M. Frere, M. V. Libanov, and S. V. Troitsky, Three generations on a local vortex in extra 



dimensions, Phys. Lett. B512 (2001) 169-173, [tiep-ph/0012306 



-20- 



J.-M. Frere, M. V. Libanov, E. Y. Nugaev, and S. V. Troitsky, Fermions in the vortex 



background on a sphere, JHEP 06 (2003) 009, [|hep-ph/0304117 |. 

M. V. Libanov and E. Y. Nougaev, Towards the realistic fermion masses with a single family 



extra dimensions, JHEP 04 (2002) 055, [liep-ph/0201162 



M. V. Libanov and E. Y. Nugaev, Hierarchical fermionic mass pattern and large extra 
dimensions, Surveys High Energ. Phys. 17 (2002) 165-171. 

J.-M. Frere, M. V. Libanov, E. Y. Nugaev, and S. V. Troitsky, Flavour violation with a single 
generation, JHEP (2004) 001, |iep-ph/0309014 |. 



J.-M. Frere, M. V. Libanov, E. Y. Nugaev, and S. V. Troitsky, Searching for family-number 
conserving neutral gauge bosons from extra dimensions, JETP Lett. 79 (2004) 598-601, 



| hep-ph/0404139 |. 

J. M. Frere, G. Moreau, and E. Nezri, Neutrino mass patterns within the see-saw model from 



multi-localization along extra dimensions, Phys. Rev. D69 (2004) 033003, [iep-ph/0309218 



S. Chang, C. S. Kim, and M. Yamaguchi, Hierarchical mass structure of fermions in warped 



extra dimension, Phys. Rev. D73 (2006) 033002, [ ^iep-ph/0511099| ]. 

G. Moreau and J. L Silva-Marcos, Neutrinos in warped extra dimensions, JHEP 01 (2006) 



048, [ |hep-ph/0507145 |. 

J.-M. Frere, M. V. Libanov, and S. V. Troitsky, Neutrino masses with a single generation in 



the bulk, JHEP 11 (2001) 025, [tiep-ph/0110045| 



Particle Data Group Collaboration, C. Amsler et. ai. Review of particle physics, Phys. 
Lett. B667 (2008) 1. 

M. C. Gonzalez-Garcia, M. Maltoni, and J. Salvado, Updated global fit to three neutrino 



mixing: status of the hints of thetalS > 0, JHEP 04 (2010) 056, JarXiv: 1001 .4524( 1. 
A. Pilaftsis, Leptogenesis in theories with large extra dimensions, Phys. Rev. D60 (1999) 



105023, |hep-ph/9906265 



S. J. Huber and Q. Shafi, Seesaw mechanism in warped geometry, Phys. Lett. B583 (2004) 



293-303, 1hep-ph/0309252 | 



M.-C. Chen, Generation of small neutrino Majorana masses in a Randall- Sundrum model, 
Phys. Rev. D71 (2005) 113010, |hep-ph/0504158| |. 



N. Haba, 5D seesaw, flavor structure, and mass textures, JHEP 05 (2006) 030, 



| liep-ph/0603119 |. 

C. Csaki, C. Delaunay, C. Grojean, and Y. Grossman, A Model of Lepton Masses from a 



Warped Extra Dimension, JHEP 10 (2008) 055, |arXiv : 0806 . 0356 1. 

K. Brakke and E. Pallante, Majorana neutrinos from warped extra dimensions. 



arXiv: 0806 .35551 . 



G. Perez and L. Randall, Natural Neutrino Masses and Mixings from Warped Geometry, 



JHEP 01 (2009) 077, |arXiv: 0805 .46521 ]. 

A. Watanabe and K. Yoshioka, Geometry-free neutrino masses in curved spacetime, Phys. 



Lett. B683 (2010) 289-293, [arXiv : 0910 . 0677| 



- 21 - 



[22] M.-C. Chen, K. T. Mahanthappa, and F. Yu, A Viable Randall- Sundrum Model for Quarks 
and Leptons with T' Family Symmetry, Phys. Rev. D81 (2010) 036004, |arXiv : 0907 . 3963 1. 



A. Watanabe and K. Yoshioka, Seesaw in the bulk, arXiv: 1007. 1527 



A. Kadosh and E. Pallante, An A^ flavor model for quarks and leptons in warped geometry. 



arXiv: 1004.0321 



M. Blennow, H. Melbeus, T. Ohlsson, and H. Zhang, Signatures from an extra- dimensional 
seesaw model. 



arXiv: 1003.0669 



E. Witten, Fermion quantum numbers in Kaluza-Klein theory, . Lecture given at Shelter 
Island II Conf., Shelter Island, N.Y., 1-2 Jun 1983. 

D. Bailin and A. Love, Kaluza-Klein theories, Rept. Prog. Phys. 50 (1987) 1087-1170. 



A. A. Abrikosov, Jr., Dirac operator on the Riemann sphere, hep-th/0212134. 

M. V. Libanov and E. Y. Nugaev, Higgs boson with a single generation in the bulk, 
hep-ph/0512223 . 

M. V. Libanov and E. Y. Nugaev, Properties of the Higgs particle in a model involving a 
single unified fermion generation, Phys. Atom. Nucl. 70 (2007) 864-870. 

H. Bateman and A. Erdelyi, Higher Transcendental Functions, vol. 2. McGraw-Hill Book 
Co., New York, 1954. 

A. Datta, F.-S. Ling, and P. Ramond, Correlated hierarchy, Dirac masses and large mixing 
angles, Nucl. Phys. B671 (2003) 383-400, [ |hep-ph/0306002 |. 

M. Jezabek and Y. Sumino, Neutrino masses and bimaximal mixing, Phys. Lett. B457 (1999) 
139-146, [|hep-ph/9904382|. 



- 22 - 



